Efficient implicit algorithm for the
equations of 2-D viscous

compressible flow: application to
shock-boundary layer interaction

W. N. Dawes*

A fully implicit algorithm has been developed to time integrate the equations of
2-D compressible viscous flow. The algorithm was constructed so as to optimize
computational efficiency. The time-consuming block matrix inversions usually
associated with implicit algorithms have been reduced to the trivial non-iterative
inversion of four sets of scalar bidiagonal matrices. Thus, the algorithm requires
virtually no more computer storage than an explicit algorithm. The efficient struc-
ture of the implicit algorithm is reflected in comparative timings which show that
it requires only a factor of two more computer time per point per time step than
a typical explicit algorithm. Therefore, the algorithm allows more economical
solution of given flows than existing explicit methods and also allows more difficult
problems to be attempted using available computer resources. Application of the
algorithm to the problem of shock—boundary layer interaction produces results
consistent with both experimental measurements and other calculations.
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Many problems of current interest in both turbo-
machinery and elsewhere cannot be approached
using conventional inviscid flow analyses or even
inviscid-viscous interactive methods but require
solution of the full equations of compressible vis-
cous flow, the Navier-Stokes equations. Numerical
integration of the Navier-Stokes equations using
explicit algorithms suffers from severe time-step
restrictions. By contrast, many implicit algorithms
allow larger time steps but are inefficiently structured
so that their potential advantages are not realized.
In particular, the major portion of the work in an
implicit finite difference algorithm is contained in
solving a set of simultaneous equations. When an
implicit algorithm is applied to a system of partial
differential equations, such as the Navier-Stokes
equations, a coupled set of block matrix-vector
equations are obtained that are complicated and time
consuming to solve.

This paper shows how an eflicient implicit
algorithm may be constructed by restructuring the
coupled set of implicit equations into a set of scaler
equations which require only the trivial inversion of
four sets of scalar bidiagonal matrices to advance
the solution process.

To illustrate the capabilities of the new
algorithm it is applied to the problem of the interac-
tion of a shock with a laminar boundary layer.
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Governing equations

The Navier-Stokes equations

The Navier-Stokes equations for the 2-D compress-
ible viscous flow of a perfect gas are written in
conservation law form as:
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All the variables have been suitably non-dimension-
alized with Re, the Reynolds number, and Pr, the
Prandt]l number. The Reynolds number and Prandtl
number are formed using suitable reference quan-
tities (for example free stream conditions) so
dimensionless coeflicients of viscosity and thermal
conductivity, u and &, have been included to allow
« and k to vary spatially (with local temperature,
for example, or by the inclusion of an eddy viscosity
turbulence model).
The equation of state is:

p =pRT 2)
and the pressure is related to the other variables by:
p=(y—1)oE ~3p(u®+0%) (3)

Co-ordinate transformation

For convenience and computational efficiency, the
physical X —Y plane is mapped into a rectangular
computational plane, £ —, as shown in Fig 1. The
following independent variable transformation is
used:

with the associated area Jacobian:
J 7 = XY, ~ XY, (5)

The geometrical factors (metrics) of the transforma-
tion are related by:

&=JY, N =—JY;
fy = _.,Xn My =]X§

Applying these transformations to the governing Eq
(1) and manipulating them so as to retain their con-
servation form in the £ — 7 plane gives (see Refs 1-3):

U _oF G 1 [av+gv£]
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Introducing the so-called contravarient velocities:

=¢X,Y 7 = +
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Notation ‘}‘:} Co-ordinates in the physical plane

v Ratio of specific heats

A The Jacobean 6F/oU 5" Backward difference operator,

At A” See Eq (24) 8 =i —bir

B The Jacobean aG/oU 5 Forward difference operator,

B*,B~ See Eq (24) 8¢ =is1— b

c Sonic speed (yp/p)"’* 8° Centred difference operator,

C The Jacobean aV/oU 8% = (bis1—bi-1)/2

D The Jacobean dW/oU AU Change in U due to local effects

F ¢-wise flux vector U Change in U corrected for

G n-wise fiux vector global effects

i £-wise index At Time step

i n-wise index I3 Co-ordinates in the transformed

J AreaJacobean of axis transformation n plane

k Thermal' copduct1v1ty I Coefficient of viscosity

n Time-wise index A

N See Eq (30) Ag} Diagonal eigenvalue matrices

p Static pressure n-

Pr Prandtl number Ai ’ Af} See Eq (23)

R Gas constant Ans Ay

Re Reynolds number p Density

t Time oE Total internal energy

T Static temperature plc, T+ Hu®+02)

T, T:" Diagonalizing matrices in similarity Tax

T, T transformation 'rxu} Viscous stresses, see Eq (1)

u X-wise velocity Tyy

i Contravariant velocity: &u +&,0 BC Boundary condition

U State vector J '[p, pu, pv, pE] CFL Courant Freidrichs Lewy

v Y-wise velocity LHS Left-hand side

) Contravariant velocity, n,u +n,0 RHS Right-hand side

|4 £-wise viscous flux vector - Vector in physical X-Y plane

w n-wise viscous flux vector * Intermediate value J
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allows the expressions for F' and G to be written in
the compact form:

pu 7
pui +£&p
poii +&,p
L(pE +p)ii ]

pt T

F=J7?
and

| pud +n.p
= 10
¢=J pod +nyp {10
L(pE +p)d

which are little more complex than the original F
and G.

The viscous stress terms in V and W are evalu-
ated by straight-forward application of the chain
rule, for example;

Txx = %IL (fxué + nxun) —%‘p, (61406 + nuvn) (11)

It is noteworthy that the transformation of the
governing equations is analogous to recasting the
equations in general finite volume form (see, for
example, Ref 4) with the ‘metrics’ representing the
various areas of the finite volume faces. The transfor-
mation allows grid points to be aligned exactly with
the boundaries to the flow (for example blade sur-
faces) and also allows gradients of flow properties
local to the boundary to be accurately represented.
In addition, the generality of the transformation
allows suitable treatment of difficult regions in the
flow like leading and trailing edges (as indicated in
Fig 1). Grid control is important in a viscous flow
algorithm because, in physical terms, vorticity is
generated at solid flow boundaries (ie the blade sur-
face boundary layer) and then diffuses and convects
into the main flow; it is necessary for this vorticity
generation (represented by the near-wall vorticity
gradients) to be modelled accurately. A significant
additional advantage of using such a transformed
system of equations is that rapidly refining grids can
be used without introducing any numerical viscous
effects to mask the physical effects®.

The Variable AU

To integrate the equations of motion forward in time
an appropriate finite-difference algorithm must be
constructed. For this purpose it is convenient to
introduce a new variable, AU :

AU" = _At{§E+E_L [9_‘_/4_%_]}
3¢ dn Reldé on

where At is the time step used for the integration,
and n is the temporal index ¢t =n At.

The variable AU" represents the temporal variation
of the flow variables in response to the spatial fluxes
of these flow variables. If the integration converges
to a steady state then AU ™ becomes zero.

(12)

Explicit time-marching algorithms

It is relatively straightforward to construct explicit
algorithms to integrate the flow equations. It has
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Fig 1 Co-ordinate mapping of physical to compu-
tational planes

been shown® that the Brailovskaya method is one of

the more suitable. This may be expressed in terms
of AU as:

U =U4+AUY } 13)

Uit =Uy +AUY
where i and § are the spacial indices
X=i{AX and Y=jAY

* denotes the intermediate values in this two step
algorithm, and AU is evaluated using conventional
second-order accurate centred differences.

The algorithm is conditionally stable (as far
as convection is concerned) with:

1 1
AtsMgN {[ﬁ|+0(£f+§3)1/2’ |6(+c(nf+n§)l/2}

14)

where ¢ is the sonic velocity, (yp/p)">.

This restriction is simply the familiar CFL condition
cast in terms of the contravarient velocities (and with
A¢ = An =1). The essential disadvantage of using an
explicit algorithm like this is that these allowable
time steps are very small where the grid has been
highly refined to resolve, for example, steep velocity
gradients near blade surfaces.
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Physical basis for an implicit algorithm

Implicit algorithms can be constructed to integrate
the flow equations allowing the use of much longer
time steps and faster convergence to a steady stage
(if one exists). Here, a physical basis for an implicit
algorithm is developed.

The variable, AU (Eq (12)) represents the tem-
poral change of the flow properties at a point due to
local spatial fluxes; it is this ‘localness’ which gives
rise to the CFL restriction on time step. Implicit
algorithms are characterized by their ‘global’
nature, ie each point in the flow influencing every
other point every time step. So it is natural to look
for some global transport equation for AU. Following
MacCormack’ the equations of motion (Eq (7)) are
differentiated once with respect to time, giving:

§ (2922 (42). 2 (524)

at\at) oe\" at) an\" ot
1o Uy 9 oU (15)
e e (€ 50) 7 (P5)]
where A, B, C and D are the Jacobean matrices:
A=3F/3U, B=0G/aU, C =aV/aU,
D =3W/aU (16)

A, B, C and D are given, for example, in Refs (3)
and (8); in two dimensions these matrices are (4 x4).
Eq (15) is clearly a convection-diffusion equation
for the variable ‘(aU/8¢)’. An implicit equation for
integrating Eq (15) may be written as:

[I+At{i(A.+i(B.—i[—a—(C.+i(D.]}]

€ an Re Log omn
)Yy

where: (A. etc. indicates that the matrix—vector multi-

ply remains within the spatial differential, and A4, B,

C and D are evaluated at the known time level, n.

This equation has first-order temporal accuracy.
Defining a new variable, 8U"*?, as:

6U n+l
5U"+1 =(—£> At

and identifying

AU" = (a_g) At
ot

allows Eq (17) to be recast in the desired form;

[I+At{i(A.+—a—(B.
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The explicit RHS of this equation represents the
temporal change of U due to local fluxes; the
implicit LHS represents the global convection and
diffusion of these temporal changes resulting in a
modified local change, 8U. The explicit RHS is non-
linear; the implicit LHS is, however, linear and its

- ‘inversion’ may be attacked using the many available

matrix handling methods. Eq (18) represents a sound
physical basis for an implicit algorithm and is
expressed in a form suitable for efficient numerical
integration. The equation is fully implicit in that the
components of 8U"*! (ie 8p™ ", Spu™*", 8pr™*! and
SpE™*") are coupled implicitly together at the new
time level via the Jacobeans A, B, C and D and are
thus simultaneously updated.

Eq (18) has been derived before by Beam and
Warming® but not by the physically relevant route
suggested by MacCormack and used here.

Construction of an efficient implicit
algorithm

Implicit algorithms allow larger time steps than
explicit methods and hence faster convergence to a
steady state (if one exists). However, implicit
algorithms inevitably require more computer pro-
cessing time per point per time step so it is essential
for the algorithms to be efficiently constructed so as
not to waste their potential advantages. A suitable
basis for an implicit algorithm has been derived, Eq
(18), and it is possible to construct a very efficient
algorithm for time-marching the equation; in fact
the algorithm is so efficient it requires only twice the
computer time per point per time step used by the
explicit Brailovskaya algorithm (see previously).

The implicit time-marching of Eq (18) is
obtained by inverting at each time step the matrix
represented by the linear LHS, ie

J— =[I+At{£§—(A. . .]‘IAU" (19)

The efficiency of the algorithm is largely determined
by the efficiency of this inversion. If only a steady-
state solution is required then the inversion need not
be carried out exactly (provided the time-marching
remains stable) because in the steady state AU =
8U =0, by definition. Thus an acceptable approxi-
mation to the inversion may be devised so as to
optimize the computational efficiency and rate of
convergence. Accordingly, an efficient implicit
algorithm is constructed as follows.

Maoadified form of the implicit operator

Firstly, the viscous terms are dropped from the LHS
of Eq (18), giving:

d
o€

with AU defined in Eq (18). This halves the compu-
tational work required to assemble the LHS. The
viscous terms are, of course, retained in the formation
of AU so that the steady state, AU =0, is correct.

[1 +At{ (A.+a—67; (B.}]&U"“ —AU" (20)
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To compensate for the absence of the viscous
terms on the implicit LHS of Eq (20) the differential
operators are replaced by simple one-sided or ‘up-
winded’ difference operators. This introduces
significant dissipation which not only balances the
viscous terms retained on the RHS of Eq (20) but
also helps control any violent transients. The use of
one-sided difference operators is limited by stability
constraints to regions of the computational domain
where the eigenvalues of the Jacobeans A and B are
of the same sign®; ie the difference operators must
be strictly up-winded in accordance with the phy-
sical flow of information through the computational
domain. In general, these eigenvalues are of mixed
sign and so the use of one-sided differences requires
special treatment. As A and B are the Jacobeans of
a hyperbolic system of equations, similarity transfor-
mations occur which diagonalize A and B:

Ae=T;'AT,
and (21)
A,=T7'BT,

Here, A, and A,, are diagonal matrices containing the
eigenvalues of A and B, ie

i 0 0 0
A |0 ) 0 0
710 0 a+cEr+e)”? 0
00 0 G —c(E2+£2)V2
6 0 0 0
A= 0 ¢ 0 0
TTI0 0 d+c(ni+n)? 0
00 0 d—c(nZ+n?)?

(22)

The values of T, T;', T, and T, are given in Ref

10 and are reproduced for reference in the Appendix.

It has been shown® that by extracting the positive

and negative eigenvalues:
A" =5(A+]A]) (23)
A" =3(A~IAl)

A and B may be split into two parts, one associated

with positive eigenvalues and one with negative:

A=A"+A"
B=B"+B~
where:
A =T A; T (24)
A =T A;T;'
and:
B =T, AT
B =T,A,T;!

Appropriate one-sided difference operators, for
example:
5-24’ =¢i— ;1 25)
S =cdi1—
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may be applied to the split forms of A and B allowing
Eq (20) to be rewritten as;

[I+At{8; (AT +6:(A-+86,(BT+0,(B-}]
xsU™ =AU" (26)

Approximate factorization of the implicit
operator

The matrix operator on the LHS of Eq (26) is block
-5-diagonal and its inversion could be attacked itera-
tively using Stone’s strongly implicit algorithm.
However, it was decided that greater computational
efficiency would be achieved by approximately fac-
toring the LHS into more readily invertible matrices
(see, for example, Refs 3, 8, 9). The obvious factoriz-
ation is a lower and an upper block -3-diagonal
matrix, both of which are readily and non-iteratively
invertible, ie

[I+At{o:(AT+a5(B 7}
X[I +At{o;(AT+0,(B Y1 8U = AU™ (27)

Nevertheless, it was decided that the most efficient
factorization would be into four one-dimensional
operators, ie

[I+Atag(ATII +Ata (A7]

X[I+Atah (BT +Ato,(BT18U = AU"
(28)

This is clearly an approximation, but does not affect
the accuracy of the converged steady state, AU =0.
This algorithm is efficient and non-iterative as each
of the four matrix operators is block bidiagonal and
so can be inverted simply by sweeping through the
computational domain in the appropriate directions.
Nevertheless, these sweeps still require the inversion
of the (4 X4) matrices contained in the block struc-
ture. These (4 X 4) matrices are, in general, full and
so some form of Gaussian elimination must be used
to invert them. Therefore, it is possible that the
algorithm could be made even more efficient.

Diagonalization of the implicit operator

Ref 10 shows how the similarity transformations, Eq
(21), may be used to ‘diagonalize’ a set of hyperbolic
equations. A similar approach is adopted here. Sub-
stituting for A™ etc. from Eq (24) into Eq (28), with
suitable substitutions for the unit matrices, gives:

WTTe )+ At 05 (TAETE ]
X[(T,Tg")+At 0z(TeA; TF ]
XT,T7" ) +At o5(T,ALT, ]
XUT,T7")+ At 05(T, AZT 18U = AU”

Making an approximation allows this to be rewritten
as the desired implicit algorithm:

Te[1+At 05 (A 1[1+A¢ 07 (A7 IN[1+Az05(AY.]
x[1+At 9,(A;1T, 68U =AU (30)

(29)
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where:
N=T;'T,

AU = —At{a;’F +3%G —}—qlz [agv+a£’,W]}

Urtl=ur+sU™!
and

5° represents conventional second-order
accurate difference operators

The four 1-D matrix operators are still block-diagonal
in form but now, because A; and A, are diagonal
matrices (see Eq 22) each of the 1-D operators can
be dealt with as four trivially inverted scalar
bidiagonal operators. This gives the algorithm great
efficiency and in addition means that virtually no
extra computer storage is required.

A simple von Neumann stability analysis indi-
cates that this algorithm is unconditionally stable.
In practice the time step may be limited by non-linear
effects and by particular forms of boundary con-
dition.

Solution Process for the Implicit Algorithm

Eq (30) is integrated forward in time using the
following straight-forward stages,

1 AU" is evaluated at each interior node of the
computational domain using conventional second-
order central difference operators (as indicated in Eq
(30)). The converged steady state, AU =0, is there-
fore resolved to second-order spatial accuracy.

2 A matrix—vector multiply at each interior mode:

D, =(T¢')y AU" (31)

3 Four trivial inversions of the first set of scalar
bidiagonal operators:

Dy=[1+Ata;(A;]17'D, (32a)

This is carried out by four simple sweeps through
the computational domain in the direction of increas-
ing ‘¢’

(D2)i + At(A¢Dg); = (Dy)i + At(A¢Dg)i—y (32b)

4 Four, trivial inversions of the second set of
scalar bi-diagonal operators:

Ds=[1+Ata;(A;.] "Dy (33a)

This is carried out by four simple sweeps in the
direction of decreasing ‘¢’:

(D3)i = At(A ¢ Ds); = (Do) — At (A ¢ D3)isy (33b)
5 A matrix-vector multiply at each interior node:
Dy=(N"")"Ds (34)

6 Two more sets of four trivial inversions of the
third and fourth scalar bi-diagonal operators,

Ds=[1+Ato; (A} 'Dy (35)
De=[1+At 3,(A,.]17'Ds (36)

the first being carried out by four simple sweeps in
the direction of increasing ‘5’ and the second with
four sweeps for decreasing 5.
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7 A final matrix-vector multiply at each interior
node:

sU™ =(T,)"Dg (37)
and

8 Up-dating the state vector at each interior node:

vrtt=ut +sut (38)

Boundary conditions

As well as applying appropriate boundary conditions
to U at each successive time-level, suitable boundary
conditions must also be devised for 8U for use with
the four sets of matrix inversions, Eqs (32), (33), (35)
and (36). The most straight-forward boundary condi-
tion for 8U is simply to set 8Ugc = 0; this allows the
algorithm great generality of application and is cor-
rect in the converged steady state. However, the
setting of §Ugpc =0 means effectively that the boun-
dary conditions are applied in an explicit manner
and this may reduce the maximum stable time step.
Nevertheless, time steps larger than the CFL limit
for explicit algorithms can still be achieved with
correspondingly more rapid convergence to a steady
state.

Computer processing time

As stated before, the careful structuring of the
implicit algorithm (Eq (30)) gives it great computa-
tional efficiency. Table 1 compares the computation
time in s per node point per time step for the implicit
algorithm with that of the explicit Brailovskaya
algorithm (see earlier). The implicit algorithm, des-
pite being fully implicit (ie each member of the state
vector U being implicitly coupled together and
simultaneously updated) requires only a factor of
two more computer time per point per time step than
the explicit method, but the implicit algorithm has
more favourable stability properties.

Interpretation of the implicit algorithm as an
iterative replacement scheme

The derivation of the implicit algorithm, Eq 30 is
mathematical and it is useful to interpret the
algorithm as a type of iterative replacement scheme
(IRS). The aim of an IRS (see, for example, Refs 4,
13 and 14) is to use a simplified and less accurate
discretization of the equations of motion during the
time-marching itself and to add correction terms

Table 1

Computer Relative
time/point/time step cost
{IBM 370-168 OPT=2)

Method

Current implicit 6% 107* seconds 2
algorithm
Brailovskaya explicit 3x107*seconds 1
algorithm
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iteratively as the time-marching proceeds so that the
converged steady solution has the desired accuracy.
For ease of presentation, consider the one-
dimensional inviscid equation of motion:

oU  oF
—_—_—t—=
at  a¢

An implicit algorithm for time-marching this can be
written as:

i}
a—(t]+st"“ ={8¢F" ~82F™)

where 87 is an appropriate one-sided first order
accurate difference operator, §; is the conventional
second order accurate difference operator and {...}
represents the explicit (ie known time-level) correc-
tion term.
In a converged steady solution, 8U/d¢t =0 and
F"*'=F™ so the desired result, §3F =0 is attained.
Clearly, as F is a non-linear function of U it
must be linearized;
Fri=Fr+AmsU™"!
where
A=0F/oU
and
5Un+l — Un+l _ Un
So the implicit algorithm can be re-written as:

5U"+l
At

+8¢(F " +A" U™ ) ={8¢F" —83F"}
ie
[I+At8£(AT) U =AU =—At8¢F"

Replacing 67 (A" by eigenvalue-split operators, as in
Eqgs (23)-(25), results in the 1-D version of Eq (26);
diagonalizing results in the 1-D version of Eq (30).

Application to the problem of
shock-boundary layer interaction

To test the implicit algorithm it was applied to the
problem of the interaction of a shock-wave with a
laminar boundary layer. The flowfield is shown in
Fig 2. An externally generated shock is incident on
a laminar boundary layer developing on a flat plate.
If the shock is strong enough the boundary layer will
separate and, if the shock is not too strong, re-attach

Incident shock Reflected shock
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Embedded separation bubble

Fig 2 Sketch of shock-boundary layer interaction
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r= lﬁK U set to appropriate post-shock values
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/=1 7=1ILE XSHK /=1M
U =u, u=-u,
V| = - VZ |/| = —VZ
p=p Symmetry p= pz Flat plate, no slip
1 e )
A =P

> P=P, J
Fig 3 Computational mesh and boundary condi-
tions

forming an embedded separation bubble. This
flowfield is a good test for the calculation method.

The computation mesh and boundary condi-
tions are shown schematically in Fig 3. The lower
boundary is part plane of symmetry and part flat-
plate and is aligned with cell faces rather than nodes
so that boundary conditions are applied to fluxes of
U rather than to U itself. Accordingly, the plane of
symmetry boundary conditions were:

Uil = Uiz
Vi1 = — Ui
1<i<ILE (39)
Pi1 = Pz
Pi1 = Pi2

and the flat-plate boundary conditions were:

Uil = ~Uiz
i1 = — Uy ,
ILE<i<IM (40)
Pi1= P2
Pi1 = Pi2

Thus, for example, the flat-plate boundary conditions
simulate:

uprate =0
Uprate =0
ap)
> =0 (41
(aY PLATE )
7)
il =0
(aY PLATE

which are appropriate conditions for a no-slip
adiabatic wall in high Reynolds number flow. At the
inflow boundary U,; is maintained fixed at the
appropriate free-stream values. Along the outer flow
boundary, Ui\ is held constant at either free-stream
values (for 1=<i<ISHK) or the appropriate post-
shock values (for ISHK <i <IM). Finally, at the
downstream outflow boundary zero order extrapola-
tion (Urm; = Urm-1;) was used as the exit flow is either
parabolic (near the plate) or hyperbolic (away from
the plate) in the stream-wise direction. In addition
8Ugc was set equal to zero along each of the four
boundaries, as discussed previously.
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The initial conditions consisted of uniform
flow in the interior of the computational domain with
the flow variables at the top mesh boundary set to
either free stream values, or the appropriate post-
shock values thereby generating a shock directed
towards the plate.

The mesh consisted of 32 x45 points equally
spaced in the X-wise direction with AX/Xsux =
0.0625 and exponentially stretched away from the
plate in the Y-wise direction with AYyun/Xsux =
0.000625 near the plate and AYyax/Xsux=0.0399
near the outer flow boundary.

Two cases were computed, Case (A) without
separation and Case (B) with an embedded separ-
ation bubble. The relevant parameters are given in
Table 2. The incident shock in Case (B) is twice as
strong as in Case (A). It was found necessary to filter
the shortest wavelength components of the solution
using a fourth-order dissipation term®. In both cases
the time-step used was five times the maximum
allowed for an explicit algorithm and the computa-
tions converged within 1000 time steps. Similar com-
putations described in Ref 7 using an explicit
algorithm required over 5600 time steps to achieve
an acceptable level of convergence. There is
evidence that if appropriate implicit boundary con-
ditions were formulated for 8 Ugc (rather than setting
§Ugc = 0) then larger time steps would be possible
with a perhaps substantial reduction in number of
time steps (and thus in computational time) to

187
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Fig 4 Case (B), Mach number contours: interval
0.02 for the shocks and 0.2 for the boundary layer
(Note: vertical scale =2 x horizontal scale).

Table 2
My  Rexe.. ashHK Incident
shock
strength,
ps/p
Case (A) 2.0 0.284x10° 31.35° 1.0963
Case (B) 2.0 0.296x10° 32.59° 1.1868
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achieve convergence. Work is currently in progress
to include implicit boundary conditions.

Fig 4 shows Mach number contours computed
for the case with separation, Case (B). A contour
interval of 0.02 was used away from the plate to pick
out the shock system and 0.2 near the plate to pick
out the boundary layer. The incident and reflected
shock are clearly visible, albeit smeared. No special
provision is made for shocks in the algorithm; they
are captured automatically as the computation pro-
ceeds. Also present is the weak leading edge shock.
The growth of the boundary layer is apparent and
the separation bubble formed by the shock impinge-
ment can be seen (although with some difficulty due
to the reduced scale of this Figure).

The variations of static pressure and skin fric-
tion along the surface of the plate as calculated by
the present method are shown in Fig 5 for Case (A)
(without separation) and in Fig 6 for Case (B) (with
the embedded separation bubble). Shown for com-
parison are experimental measurements made by
Hakkinen'' and computations made by MacCor-
mack and Baldwin'®. The experimental skin friction
probes were unable to measure skin friction in the
separated region other than to show that it was zero
or negative. The small discrepancies between the
predictions of the present method and the measure-
ments in the region of the separation bubble are
attributed to too coarse a grid being used in the
X -wise direction reducing the streamwise resolu-
tion. A certain amount of discrepancy between the
calculated and measured results must be expected
near the leading edge of the plate because the boun-
dary layer is, of course, very thin there and difficult
to resolve on an economical grid. In general,
however, the predictions of the present method are
entirely consistent with experimental and other
numerical results.
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¢ |
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I
- 1 —1 A )
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X/ X

L] Present method
o Experimental (Hakkinen,1959)
Computational (MacCormack and Baldwin , 1975)

Fig 5 Case (A), surface pressure and sblct'n friction.
Mach number =2.0 Re,,, =0.284 X 10
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It is appropriate here to make some remarks
about this test case. Firstly, simple boundary layer
theory is unable to cope with embedded separation
bubbles because the classical boundary layer
equations are parabolic and become ill-posed
beyond a separation point. The Navier-Stokes
equations, however, retain the full elliptic influence
of the pressure field and thus ‘capture’ separations
without numerical difficulty. Secondly, a shock
impinging on a boundary layer loses its Rankine-
Hugoniot form and this can no longer be dealt with
using classical shock-expansion theory. Solving the
full Navier-Stokes equations in conservation law
form allows such shocks to be ‘captured’ automati-
cally, with no prior knowledge of the flowfield.

Clearly the test-case presented here is rela-
tively straightforward, particularly in terms of
geometrical complexity. However, the derivation
and coding of the method remains valid for quite
general two-dimensional geometries, provided the
physical plane is topologically rectangular (as indi-
cated in Fig 1). Currently, the method presented in
this paper, and derivatives of it, are being applied
to transonic two-dimensional blade-to-blade flows
in turbomachinery.

Conclusions

(1) A fully implicit algorithm has been derived to
time integrate the equations of 2-D compressible
viscous flow.

(2) The algorithm has been very efficiently con-
structed and requires virtually no extra computer
storage and only a factor of two more computer time
per point per time step than similar explicit
algorithms, but the implicit algorithm has more
favourable stability properties.
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X/X

[} Present method

o Experimental {Hakkinen, |1959)

Computational AX = XSHK/IG

— — — Computational AX = xsnx/32
(MacCormack and Baldwin,1975)

Fig 6 Case (B), surface pressure and skin friction.

Mach number = 2.0 Re,,,, =0.296 x 10°
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(3) Application of the algorithm to the problem of
a shock-laminar boundary layer interaction pro-
duces results consistent with both experimental
measurements and other calculations.
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Appendix

Diagonalizing similarity transformations of
the gas dynamics matrices

The similarity transformations which diagonalize the
Jacobians A and B are (Ref (10)):

A=TNAT;', B=T,A,T;
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where: and:
Ae=Dla, 4, d +c(&z +£5)"%, d—c(£2 +£5)'%]
4 0 0 0 Ex=kx/(k%+k§)l/2: Eu=ku/(kz+k§)1/2
0 4 0 0 i )
=lo 0 4 +olgd +£2)V2 0 Relations exist between T, and T, of the form:
x y
0 0 0 d—c(é+€) P

2, 2\1/2 2, a\l/2 N=T.T, N~1=T:,1T5
Ae=DI[8,8, 6 +c(ns+n2)"% 6 —c(ni+n2)/?]
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B@*+Ch) |-Blke+(y=Du)-Blke+y=Do) Bly=1) with:
with e
c=(vo/p) mi1 = (& +£7,), mo= &, — &/
i =&Lu+E b =nu +n,0
1/2
a=p/(c2"?)  B=1/(pc2"?) n=1/2
5=Exu+Eyv
: S . A —1
@2 =Ly - 1)(u®+0?) i=1 forN and j=-1 for N7

ADVERTISEMENT

CANCAM 83: Technical Program

Professor Howard Emmons of Harvard University will act as the Honorary Chairman of the Ninth Canadian
Congress of Applied Mechanics which is set for May 30 to June 3, 1983 at the University of Saskatchewan,
Saskatoon, Canada. In his opening address, Dr. Emmons will speak on ‘“The Frontiers of Applied Mechanics”.
The five invited General Lecturers will be:
1. Professor R.M. Rosenberg, University of California, Berkeley, U.S.A.

ON THE FOUNDATIONS OF CLASSICAL PARTICLE MECHANICS
2. Professor D. Dowson, University of Leeds, Leeds, U.K.

LUBRICATION OF NATURAL SYNOVIAL JOINTS
3. Professor A. Sakurai, Tokyo Denki University, Tokyo, Japan

BLAST WAVE: ITS SCIENCE AND ENGINEERING
4. Dr. R, Michel, ONERA, France

UNSTEADY BOUNDARY LAYERS
5. Professor ]J.B. Haddow, University of Alberta, Edmonton, Canada

SOME PROBLEMS OF FINITE DEFORMATION ELASTODYNAMICS
Abstracts of over 500 papers have been received for review. A maximum of400 papers can be accepted. Following a
CANCAM tradition, the Papers Review Committee is located at a University other than the host University: the
University of Manitoba, Winnipeg, Canada has accepted this responsibility for CANCAM 83.
The regular technical program shall consist of eight concurrent sessions: 80 sessions in all. In addition, the Canadian
Society of Mechanical Engineering (CSME) will sponsor special sessions on the following topics:
1. Physical Trends in Experimental Mechanics
2. Robotics
3. Large Spacecraft

» If you would like any further information on the Technical Program, contact:
: Drs. M.U. Hosain, B.E.L. Deckker, Co-Chairman, Technical Program, College of

Engineering, University of Saskatchewan, Saskatoon, Canada, STN OW0. General
information may be obtained from Congress Chairman Dr. V. V. Neis at the same address.
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